CS 395T: Foundations of Modern Generative Al Fall 2026

Lecture 13: Reinforcement Learning with Verifiable Rewards

Prof. Noah Golowich

This lecture applies policy gradients to language models trained with verifiable rewards. We study
four algorithms: RLOO, Dr. GRPO, GRPO, and MaxRL.

1 RLVR, REINFORCE, and PPO

For some tasks, such as solving a math problem or writing a program that must pass a set of tests,
a verifier can check whether a completed response is correct. Reinforcement learning with verifiable
rewards (RLVR) trains a language model on this feedback, so we do not need a target reasoning trace
for each prompt [4].

1.1 Generation and the objective

Let z ~ D be a prompt drawn from a fixed distribution of training questions. A language model with
parameters 6 € R? generates a response y = (y1, ..., yr) one token at a time:

gy ~mo(- | Ty1:-1),  t=1,...,T.

Here y1.. = (y1,.--,4t), and y1.0 is the empty prefix. Tokens come from a finite vocabulary V that
contains an end-of-sequence token. Generation stops when this token is generated (it is included in y)
or after a fixed budget of Tihax tokens, so the length T'= T'(y) < Tiax varies across responses. The
probability of a complete response is

T
mo(y | @) = Hwe(yt | 2, y1:6-1). (1)
t=1

This is a sequential decision problem (i.e., can be viewed as a token-level MDP): the state is the prompt
together with the tokens generated so far, the action is the next token, and the transition appends that
token to the state. Once z is drawn, all of the randomness comes from the policy.

Throughout, the verifier gives an outcome-level reward R(x,y) € {0,1} after the response ends,
where R(z,y) = 1 means that y passes the verifier. There are no intermediate rewards (though the
framework may be readily adapted to include them). The success probability on a prompt and the
expected-reward objective are

po(z) == Eyory(o)[B(z,y)],  J(0) :=Ezplpo(z)]. (2)

We want to maximize J. We leave out KL regularization until we reach GRPO.

1.2 The REINFORCE estimator

We first recall some basic policy gradient methods. By (1), the gradient of the log-probability of a
response (its score) is a sum of token scores:

T

Vologmy(y | x) = ng logmo(ye | ,y1:4—1)- (3)
t=1
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Applying Vp = pV log p gives

Vopo(x) =Y R(z,y)Vomg(y | ) = Eyory (o) [R(x,y) Vo log m(y | )], (4)
Yy
T
Vo (0) = By, yomg(2) | D B(2,y)Volog ma(ye | @, y1:0-1) | - (5)
t=1

So for a sampled prompt and response, R(x,y)Vglogmy(y | =) is an unbiased estimate of VyJ(6).
This is the REINFORCE estimator [1], and averaging independent samples reduces its variance. In
particular, a successful response contributes the sum of its token scores and a failed response contributes
nothing.

1.3 Values, advantages, and variance reduction

To evaluate a prefix, we ask how likely it is to pass the verifier once the current policy completes it.
For any policy 7, define

v ($7 yl:tfl) = IEcontinuation from W[R(xa y) | z, yl:tfl]a (6)

AW(-'L'a Y1:t—1, CL) = Econtinuation from W[R(xa y) | Ty Y1:t—1,Yt = (1] - Vw(iva y1;t71)- (7)

In these conditional expectations the displayed prefix is fixed and only the remaining tokens are sampled.
For a completed response the value is just R(z,y), and V™ (z) = pp(x). The advantage measures how

much choosing the token a changes the expected outcome, compared with sampling the next token
from m; its average over a ~ m(- | x,y1.4—1) is zero.

Baselines do not change the gradient. Fix a nonterminal prefix (z,y1.t—1). The next-token score
has conditional mean zero:

Boyimro (1) [Volog mo(ye | @, y1:0-1)]
= mola |z, y1:-1)Velogma(a | 2, y1:-1) = Vo Y ma(a | 2, y1:-1) = 0. (8)
acV acV

So for any baseline b(x,y1.t—1) that depends only on the prefix,
E[b(z,y1:0-1)Velog (e | 2, y1:4-1) | 2, 91:0-1] = 0,

and subtracting the baseline from R(xz,y) in each term of (5) leaves the gradient unchanged:

T

Vo J(0) =E lZ(R(x,y) —b(x,y1:0-1)) Vg log mo (ys | w,yul)l . (9)
t=1

Because responses have different lengths, we apply (8) only at prefixes reached before the response

ends; equivalently, we set the score terms after termination to zero.

With b = V7™ the weight R(x,y) — V7™ (x,y1.4—1) is a Monte Carlo estimate of the advantage:
conditional on (x,y1.), its expectation is A™ (x,y1.4—1,¥¢). Conditioning each term of (9) on (x,y1.)
therefore gives

T
VyJ(0) =E lz AT (2, y1:0-1, Y1) Vo log mo (Yt | ﬂf,ylstl)] . (10)
t=1

In practice, a learned value model Vy(x,y14—1) supplies an approximate baseline. Its accuracy affects
the variance of the Monte Carlo estimator but not its expectation, as long as the baseline does not
depend on the sampled continuation. (Fitting V, on the same responses can create such a dependence,
which the argument above does not cover.) When we update the policy, we treat the baseline values as
constants and differentiate only the policy log-probabilities.
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Baselines can reduce variance. Fix a prefix (z,y;..—1); throughout this paragraph, we condition
on it. Since E[(R(z,y) — b)Vglog mg(y: | ,y1.4—1)] does not depend on the scalar b, the variance of the
token-t term, summed over coordinates, is

tr Cov((R(x,y) — b)Volog mo(y: | z,y14-1))

= E[(R(%‘,y) —b)?|| Vg log mg (y: | x,y1;t—1)Hﬂ — ||E[R(z,y)Volog ma(yt | ,y1:e-1)] ||5-
Only the first term depends on b. It is a quadratic in b, and it is minimized at

E[R(z,y) || Ve logmg(y: | z,y14-1)|13]

b=
IE[||V9 log mo(y: | xuyl:t—l)H%]

(11)

If the score norm [|Vglogmg(a | =, y1:4—1)||2 is the same for every token a, this minimizer is E[R(x, y)] =
V7 (x,y14-1). Since R(z,y) € {0, 1}, the expected squared reward factor then drops from E[R(x,y)?] =
V7 (2, y1.4-1) to Var(R(z,y)) = V™(x,y14-1)(1 — V™ (x,y1.4-1)). A nearly certain success then
produces a small update, instead of reinforcing every token just because the prompt was easy.

In general the value only approximates the minimizer (11), and a poorly chosen baseline can even
increase the variance. The calculation also concerns a single token’s term; the variance of the sum over
t includes covariances between tokens.

1.4 PPO and reuse of sampled responses

REINFORCE uses on-policy responses, sampled from the same policy mp at which we evaluate the
gradient. PPO [2] instead samples a batch from a frozen policy moq = mg,, and takes several
optimization steps on that batch. As soon as 6 changes, the responses are off-policy. For the tth token
of a sampled response y, define the ratio

We(yt | l‘aylztfl)
7Told(yt | xvylztfl) '

pi(0;2,y) = (12)
The exact importance weight of the whole response is the product 7 (y | z)/mo1a(y | ) = [T, pe(0; ,7),
which can have high variance for long responses. PPO instead uses a local surrogate built from the
individual token ratios.

For a clipping parameter € € (0, 1), define
Ce(p, A) := min{pA, clip(p,1 —€,1 +¢)A}, (13)

where clip(u, a,b) = min{max{u, a}, b}. Using a value model Vy that is frozen during the policy update,
the PPO policy objective is
T
Lppo(0) == Epp, yroroa(lo) | D Le(pe(0:2,y), R(z,y) — Vi(z,y14-1)) | - (14)
t=1
We maximize Lppo over 6 while holding the sampled responses, 714, and Vg fixed. If Vi, = V7old,
then R(x,y) — Vy(x,y14—1) is a conditionally unbiased estimate of A™(x,y1.4—1,y;). For other value
models it is still a valid baseline at # = 6,4, under the independence condition above. PPO is often run
with alternative advantage estimates (e.g., as obtained by generalized advantage estimation) instead,
and these add bias when the value model is inaccurate.

At 0 = 044, every ratio equals 1 and clipping is inactive. Since Vgp.(6; x,y) equals Vglogm(y; |
Z,Y1:4—1) at @ = Oyq (where gradients don’t flow through 6q), the gradient of Lppo at 6,4 is the
right-hand side of (9) with b = Vj;, which is VyJ(051q). Away from 6,1q, the gradient of the surrogate is
generally a biased estimate of VyJ, since the prefixes still come from 7,4 and clipping modifies the
update. After several steps, PPO samples a fresh batch and resets moq to the current policy.
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2 Group-based estimators: RLOO, Dr. GRPO, and GRPO

A value model has to estimate the success probability at every prefix of a response. Instead, we can
sample several complete responses to the same prompt and build a baseline from their rewards. Then
there is no value model to train.

2.1 REINFORCE leave-one-out (RLOO)

Fix a prompt z and draw G > 2 independent responses y™), ... 4@ ~ my(- | z), with rewards
R; := R(x, y(i)) and group mean R := é ZJG=1 R;. RLOO uses the average reward of the other G — 1
responses as the baseline for response ¢ [3]:

G
. 1 1 .
grLoO(7) == Z(Rz - Rj>V9 log m(y" | ). (15)
G = G—-14
i=1 J#i

By (3), the same scalar multiplies every token score in response i. The baseline depends on the prompt
and the other responses but not on the prefix of ¥y, so it does not estimate the value at each prefix.

To check unbiasedness, condition on z. For j # i, the responses y® and y\9) are independent, and
the score of a response has mean zero, since 3°, m(y | ¥)Vglogmy(y | 7) = Vg3, mo(y | #) = 0. Hence

E[R;Vylogme(y™ | z) | z] = E[R; | 2] E[Vglogm(y') | 2) | 2] = py(x) - 0 = 0.

Combining this with (4) shows

E[grroo(x) [ =] = Vepe(z). (16)
The argument needs the baseline for response i to leave out R;, because R; and Vg logmg (y(i) | x) are
dependent. The leave-one-out baseline is an average of G — 1 independent Bernoulli(py(z)) rewards, so
it has mean py(x) and variance pg(x)(1 — pg(x))/(G — 1); larger groups estimate the prompt’s success
probability more accurately. Each response contributes its own gradient term and also enters the
baselines of the others. The G terms in (15) are therefore dependent, and the variance of grroo(z) is
not just the variance of one term divided by G.

2.2 Dr. GRPO: including the response in its own baseline

Dr. GRPO replaces the leave-one-out average with the mean of the whole group, including response @
itself [4, Appendix Al:

_ 1& & ;
gpr(z) == el Z(Rz —R)Vglogmy(y | z). (17)
i=1

The group mean puts weight 1/G on R; and weight (G — 1)/G on the average of the other rewards, so

for every sample,
— G-1 1
Ri—R—iG (Ri—G_le#Rj).

Comparing with (15) and (16),

Gorte) = C L Grioo(a). Blaoe(x) | 4] = < Vopa(e). (18)

So Dr. GRPO is RLOO with the gradient scaled by 1 — 1/G. The bias does not change the direction
of the gradient, and multiplying by G/(G — 1) removes it. For a fixed G, ordinary gradient ascent can
absorb this factor into the step size.
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The off-policy clipped objective. In practice, we draw the group from g4, compute its rewards
once, and reuse it for several policy updates. The Dr. GRPO surrogate is

e T(y®)

LDr(O) = EZEND,Q(I:G)NWOM('\%) EZ Z Ze(pt(ﬁ;x,y(i)),Ri—E) y (19)
i=1 t=1

where y(1:¢) denotes the group of G independent responses and the coefficients R; — R are held fixed
during differentiation. At 6 = 6)q, differentiating the term inside the expectation gives exactly (17);
later updates have the surrogate and clipping biases from Section 1.

2.3 GRPO and KL regularization

GRPO (introduced before Dr. GRPO) was originally proposed to avoid the memory and compute cost
of a separate value model [5]. Its authors also point out that comparing each response with others for
the same prompt matches how learned reward models are usually trained, on comparisons between
responses to the same question. Here consider the special case of binary verifier rewards.

Besides subtracting the group mean, GRPO divides by the group standard deviation of the rewards,
(&5 (R - B

. For binary rewards this equals {/R(1 — R), so response i gets the advantage

Ri—R

R(1-R)

: (20)

and every token of the response is assigned this value. When all rewards in the group agree, the
standard deviation is zero, and we set every advantage to zero.

GRPO also uses a reference policy e with positive next-token probabilities, held fixed during
the policy updates. Penalizing divergence from 7. keeps the policy from drifting too far from this

reference model. Do not confuse it with mgq, the policy that sampled the current batch. For g > 0,
the original GRPO objective has the form [5, Eq. (3)]

1 ZG: 1 T(yz(i)) oy fi-R
Lgrpo(9) :=E, p (G) ~rrora (| [ ( {EE <pt(9;x,y ) Z)
,Y (o) | @ gt T(y@) = R(1-R)

(21)

s (ﬂref(yf) EXNN log meot (05 | 2,000 1) 1) H
oyt | . y1-1) oyt | 7,911

The term multiplying 3 is a sampled estimate of a KL divergence. It is nonnegative, since u—logu—1 > 0

for u > 0. At a fixed prefix, if the next token is sampled from 7y, its expectation is

Tref(a | T, Y1:4-1) mo(a | x,y1:4—-1)
To\a | T, Y1:4—1 |: —1+1log
0;) ( | ! ) ﬂ-e(a | ‘/B?y].Zt*l) Wref(a ’ Z, yl:tfl)

= Dxr(mo(- | 2, y1:0-1) || Tret (- | ©,91:0-1)),
because the first two terms in the brackets sum to 1 — 1 = 0. This identity concerns the value of the

penalty when the next token is sampled on-policy. With samples reused from m,q, the unweighted
penalty in (21) is only a surrogate.

A group whose rewards all agree contributes no reward update, but its KL penalty can still contribute.
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2.4 GRPO’s two normalizations

Compared with the expected-reward objective, GRPO reweights the gradient in two ways, and Dr.
GRPO removes both [4]. To isolate them, set 5 = 0 and look at the gradient at 6,1q, where clipping is
inactive. Each token score in response 7 is multiplied by

R,—R R,—R

— — for GRPO, for Dr. GRPO.
GT(yM)\/R(1-R)

The factor 1/ T(y(i)) reweights responses by length. Among successful responses, it gives each token
of a short response a larger positive coefficient than a token of a long one. Among failed responses,
it shrinks the per-token penalty of long responses, which can encourage long incorrect responses.
Removing 1/T(y?) restores the gradient of the complete-response log-probability, which is a sum of
token scores. A normalization shared by all responses, such as 1/7Tax, would not cause this problem.

The factor 1/4/R(1 — R) reweights prompts by difficulty. For large groups, R is close to pg(z), so
this factor is large on very easy and very hard prompts. GRPO therefore amplifies the centered updates
from these prompts relative to prompts of intermediate difficulty, and this changes how prompts are
weighted in Vg J(6) = E;[Vgpg(z)]. If every response in a finite group succeeds, or every one fails, the

update is still zero, because R; — R = 0 for every 1.

These arguments were used to motivate Dr. GRPO when the goal is to maximize the unregularized
expected reward J.

3 Maximum likelihood reinforcement learning (MaxRL)

MaxRL [6] maximizes the log-probability of success instead of the probability of success. As before, the
response y contains every generated token, including any reasoning and the final answer, and R(zx,y)
checks only the completed response. In this section, all estimators use independent on-policy responses,
with no KL penalty or clipping.

3.1 From expected reward to likelihood of success

Suppose py(z) > 0 for every training prompt, and define
JML(0) := Epop(log pe(z)]. (22)

The probability inside the logarithm sums over all accepted responses, pp(x) = 32, g(zy)=1 T0(Y | T).
If the verifier checks a final answer extracted deterministically from y, then py(x) is the marginal
likelihood of the correct answer, summed over reasoning traces. In general, it is the probability that
the verifier accepts.

For a single prompt, pg(x) and log pg(x) both increase with the success probability. Across prompts
that share parameters, however, the two gradients weight prompts differently:

ors(s))

VQJ(Q) - Em[vﬁpﬁ(x)]7 VGJML(Q) - Ex [ pg(l’)

For example, with equally weighted prompts, raising one prompt’s success probability from 0.01 to 0.02
increases J by the same amount as raising another’s from 0.50 to 0.51. The log-likelihood increases by
log 2 in the first case but only by log(1.02) in the second. The logarithm rewards relative improvement,
which puts more weight on hard prompts.
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3.2 A finite-order approximation and pass@Fk

Fix a prompt z. For k > 1, let pass@ kg(z) be the probability that at least one of k independent
responses from 7y (- | ) passes the verifier. By independence,

pass@ kg(z) = 1 — (1 — pg(z))*. (23)

Writing log pg(z) = log(1 — (1 — pg(z))) and expanding in powers of 1 — pp(z) € [0,1) gives

X (1 —pp(z))F >, 1 — pass x
logpe(x):_z (1 p]j( )) :_Z l1-p k@kQ( ) (24)
k=1 k=1

Truncating at order m > 1 gives the per-prompt MaxRL objective and its average over prompts:

m _ £k
Foltrm) = - 3 LI g (0) = BB (2] (25)
k=1

Equivalently, F,,(0;z) = > j*, passQFky(x)/k — >}~ 1/k, and the second sum does not depend on

f. In particular, JIE/}QXRL = J — 1, so order 1 gives the usual expected-reward gradient. As m — oo,

F(6; ) — log pp(z).
Differentiating the finite sum and summing a geometric series yields
.- 1— (1 —p(z)™

VoFn(0;z) = i %V@ pass@Q ky(z) = Z(l — po(2))* 'Wopy(z) =

k=1 = po() Vope(z). (26)

Letting m — oo in this explicit formula shows that

21
Vo logpg(x) = Z EVQ pass@ ky(z),
k=1

so we never have to justify exchanging the derivative with the infinite sum. The coefficient of Vgpy(z)
in (26) is at most min{m,1/pg(x)}. It is about m when pyp(z) is much smaller than 1/m, and it
approaches the maximum-likelihood weight 1/pg(x) as m grows.

3.3 The maximum-likelihood gradient as a conditional expectation

Successful responses alone are enough to estimate the gradient of the log success probability. The
following is Theorem 1 of Tajwar et al. [6], in our notation.

Theorem 1 (Conditional maximum-likelihood gradient). Fiz a prompt x with pg(x) > 0. Under the
differentiability and finite-support assumptions of Section 1,

Vglogpe(r) = Eyory( oy [Veologme(y | x) | R(x,y) = 1]. (27)

Proof. By (4) and Vlogp = Vp/p,

1
Vo log pg(x) = o (@) > mly|x)Velogms(y | x).
PONT) Rz ) =1

Conditioned on success, an accepted response y has probability my(y | x)/pg(z), and every other
response has probability zero. So the right-hand side is exactly the expectation in (27). O

One way to use this is to sample until some response succeeds and take its score. That estimate is
unbiased for (27), but it needs 1/pg(x) responses on average, which is expensive on hard prompts. We
would rather use a fixed number of responses per prompt.
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3.4 A fixed sampling budget gives exactly a truncated objective

Draw G > 1 independent responses to z, with rewards R; and group mean R as in Section 2. Consider
the estimator

Ga() = GRZR Vologmg(y™ | z), R>0,

0, R=0,

(28)

which averages the scores of the successful responses. REINFORCE would divide the same sum by G
instead of by the number of successes GR. Because of the all-failure case, go(z) is a biased estimate of
Vilogpg(x). Its expectation is nonetheless exactly the gradient of a truncated objective.

Theorem 2 (Estimator-objective equivalence; [6, Theorem 2|). Fiz a prompt x with pg(z) > 0 and an
integer G > 1. Under the assumptions of Theorem 1, the estimator in (28) satisfies

Vo passQ kg (). (29)

w\r—‘

a
E[ga(z) | 2] = VoFa(0;7) = Z

Averaging it over sampled prompts therefore gives an unbiased estimator of v9J1§/[Ga)xRL(‘9)'

Proof. Keep x fixed. First condition on the vector of success indicators (Ry, ..., Rg), for any pattern
with positive probability and at least one success. Since the responses are independent, each response
with R; = 1 is then distributed as a draw from my(- | ) conditioned on success. Theorem 1 therefore
gives

1 G ) 1
— ST RVl @) JRi,...,Ra| = — Vyl
GRZ'; glogme(y" | ) |z, Ry G} GR 2= 9 log pe ()
= Vylogpg(x),

since exactly GR of the indicators equal 1. On the event that every response fails, which has probability
(1 — pg(x))C, the estimator is zero. Averaging over the indicators,

1— (1 —py(x))
po()

Ege(z) | 2] = (1 — (1 — po(x))“) Vg log py(z) = Vope(z),

which gives (29) by (26) with m = G. Taking an expectation over = ~ D proves the last statement. [J

If pg(z) = 1, the same proof applies, and both sides are zero under our positive-probability model.
If no response can pass the verifier, then pg(z) = 0 for every 6, and both (28) and the finite-order
gradient are zero. The log-likelihood and the conditioning on success are then undefined, so we exclude
such prompts from the maximum-likelihood statements.

3.5 A baseline and the practical MaxRL update

The denominator GR in (28) depends on the same responses as the numerator, so the usual baseline
argument does not apply directly, and we have to recheck the expectation. One control variate with
mean zero is the average score of all G responses:

{ ZV(;logﬂg( @ 2)

=1

x} = 0.
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Subtracting it from gg(z) gives another unbiased estimator of VgFg(6; ). When every response fails,
this estimator equals minus the average score rather than zero. The subtraction reduces variance only
if the average score has a large enough positive covariance with gg(x); having mean zero is not enough.

The practical on-policy MaxRL algorithm [6] makes this subtraction only when at least one response
succeeds, and skips groups in which every response fails. Since R;/(GR) — 1/G = (R; — R)/(GR), its
update is

1 & , B
G Vel V log mp(y® | ), R >0,
gpractical(l') G ; R o 6( | ) (30)
0

: R=0.
In words: sample a group and compute its mean reward. If the mean is positive, assign the coefficient
(R; — R)/R to every token of response i. Then average the resulting score gradients over responses and
prompts, holding the mean rewards and coefficients fixed during differentiation. Compared with Dr.

GRPO, this update divides by the group mean. Compared with GRPO, it divides by the mean rather
than the standard deviation, and it does not normalize by response length.

Skipping the all-failure groups changes the expected gradient. For G > 2,
E[./g\practical(x) ‘ x] = V(;FG_l(@;ac). (31)

To verify this, write the indicator of the all-failure event as Hszl(l — R;). Then

G
:q\practical(iﬂ) — :(]\G(SE) - (1 — H(l — ) ZV@ logm( (@) ’ a:)

j=1 =1

The average score has mean zero. For the remaining term, the independence of the responses, (4), and
the zero mean of the score give, for each i,

G
E|T[(1 - R;) Vologmo(y™ | z)
j=1

x] = (1 —pp(2))° ' E[(1 — R;)Vglogme(y? | z) | 2]

—(1 = po())“ ' Vopy().

Combining these with Theorem 2 and (26),

E[gpractlcal ( 1 - p@ )kil - (1 - Po(ﬂf))Gl) VGPG(CIT)
k=1
—1
Z (1= po(2))" 'Vopo(z) = VoFe_1(0; 2).

For G = 1 the practical update is always zero, so it needs at least two responses. The estimator in
Theorem 2 thus corresponds to order G, while the commonly implemented centered update corresponds
to order G — 1.
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