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Lecture 11: Policy Gradients, TRPO, and PPO
Prof. Noah Golowich

Today we will derive policy gradients, trust region policy optimization (TRPO), and proximal policy
optimization (PPO).

1 Markov decision processes and policy gradients

In reinforcement learning, an agent’s actions determine both its rewards and the states it visits next,
so a good action must account for the rewards that follow it.

1.1 The finite-horizon model

A finite-horizon Markov decision process (MDP) consists of a finite state space S, a finite action
space A, a horizon T ≥ 1, an initial-state distribution ρ0, transition probabilities Pt(s′ | s, a),
and bounded reward functions rt(s, a). The time index ranges over t = 0, . . . , T − 1. A policy
π = (π0, . . . , πT−1) specifies a distribution πt(· | s) over actions at each state and time. A trajectory
τ = (s0, a0, s1, a1, . . . , sT−1, aT−1, sT ) is generated by

s0 ∼ ρ0, at ∼ πt(· | st), st+1 ∼ Pt(· | st, at).

Its return is R(τ) =
∑T−1
t=0 rt(st, at), and our objective is to maximize

J(π) := Eτ∼π[R(τ)]. (1)

If an episode ends early, we pad it with an absorbing state and zero rewards. In language generation,
the state is the prompt together with the tokens generated so far, an action is the next token, and the
reward is often given only when the response ends.

To evaluate action a at state s and time t, suppose we take that action and then follow π. Define

Qπt (s, a) := E
[
T−1∑
u=t

ru(su, au)
∣∣∣∣∣ st = s, at = a, au ∼ πu for u > t

]
, (2)

V π
t (s) :=

∑
a

πt(a | s)Qπt (s, a), V π
T (s) := 0, (3)

Aπt (s, a) := Qπt (s, a)− V π
t (s). (4)

These quantities are defined at every state, including states that π never visits. The advantage Aπt (s, a)
compares taking action a with drawing an action from πt, following π afterward in both cases. We will
repeatedly use two identities, both immediate from the definitions:

Qπt (s, a) = rt(s, a) + Es′∼Pt(·|s,a)[V π
t+1(s′)], (5)∑

a

πt(a | s)Aπt (s, a) = 0. (6)

Also, J(π) = Es0∼ρ0 [V π
0 (s0)].
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1.2 The REINFORCE estimator

Now suppose π = πθ is parameterized by θ ∈ Rd, and write J(θ) := J(πθ). We assume that every
πθ,t(a | s) is positive and differentiable in θ, as is the case for a softmax policy. The initial distribution,
rewards, and transitions do not depend on θ.

The probability of a trajectory is

pθ(τ) = ρ0(s0)
T−1∏
t=0

πθ,t(at | st)Pt(st+1 | st, at).

Only the policy factors depend on θ, so for any trajectory with pθ(τ) > 0,

∇θ log pθ(τ) =
T−1∑
t=0
∇θ log πθ,t(at | st). (7)

Using ∇p = p∇ log p and summing over the finitely many trajectories, we obtain

∇θJ(θ) =
∑
τ

R(τ)∇θpθ(τ) = Eτ∼πθ

[
R(τ)

T−1∑
t=0
∇θ log πθ,t(at | st)

]
. (8)

The right-hand side is an expectation over trajectories from πθ, so we can estimate it by sampling.
Averaging over N independent trajectories from πθ gives the unbiased REINFORCE estimator [1]

ĝ(θ) = 1
N

N∑
n=1

T−1∑
t=0
∇θ log πθ,t(a

(n)
t | s(n)

t )R(τ (n)), (9)

and we update θ ← θ + hĝ(θ) with a step size h > 0.

Baselines and advantages. We may subtract a fixed function bt(st) from R(τ) in the term for time
t without changing the estimator’s expectation. Indeed, conditional on st,

Eat∼πθ,t(·|st)[∇θ log πθ,t(at | st)] =
∑
a

∇θπθ,t(a | st) = 0. (10)

A good choice of this baseline reduces the variance. The gradient also has an equivalent advantage
form, which follows by differentiating the surrogate in Proposition 1 below:

∇θJ(θ) = Eτ∼πθ

[
T−1∑
t=0
∇θ log πθ,t(at | st)Aπθt (st, at)

]
. (11)

In an implementation, the sampled returns and baseline values are treated as constants: we differentiate
only log πθ,t.

The on-policy data requirement. The trajectories in (9) must come from the policy πθ at which
we want the gradient; such data is called on-policy. After we update θ, the same trajectories are
off-policy, and reusing them in (9) gives a biased gradient. Importance weighting can correct the
mismatch, but the weight of a trajectory is a product of T action ratios and can have large variance. Is
there a better way to reuse a batch for several optimization steps?
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2 A surrogate objective and trust region policy optimization

Fix the policy π that collected our data, and consider a candidate policy π̃. Moving from π to π̃
changes both the actions taken at each state and the probability of reaching each state. Following [2, 3],
we will separate these two effects.

2.1 The performance difference lemma

Lemma 1 (Performance difference). For any two policies π and π̃ in the same finite-horizon MDP,

J(π̃)− J(π) = Eτ∼π̃

[
T−1∑
t=0

Aπt (st, at)
]
. (12)

The proof is a telescoping argument, given in Appendix A. The advantages in (12) are those of π,
while the trajectory is drawn from π̃.

To write this identity as a sum over states, define the occupancy measure on time–state pairs by

ρπ(t, s) := Pr
τ∼π

(st = s).

For each t it sums to one over s, so its total mass is T . Expanding the expectation in (12) gives

J(π̃) = J(π) +
T−1∑
t=0

∑
s

ρπ̃(t, s)
∑
a

π̃t(a | s)Aπt (s, a). (13)

So if the expected advantage
∑
a π̃t(a | s)Aπt (s, a) is nonnegative at every time and state, then

J(π̃) ≥ J(π).

2.2 Freezing the state distribution

The difficulty with (13) is that the occupancy measure ρπ̃ depends on the candidate, whereas our data
comes from ρπ. We therefore replace ρπ̃ by ρπ and define

Lπ(π̃) := J(π) +
T−1∑
t=0

∑
s

ρπ(t, s)
∑
a

π̃t(a | s)Aπt (s, a). (14)

This surrogate objective evaluates the new action probabilities at the old states. If πt(a | s) > 0
whenever π̃t(a | s) > 0 at states visited by π, then

Lπ(π̃)− J(π) = Eτ∼π

[
T−1∑
t=0

π̃t(at | st)
πt(at | st)

Aπt (st, at)
]
. (15)

(To check this, condition on st and expand the expectation over at; the factor πt(a | st) cancels.) We
can estimate the right-hand side from trajectories and advantage estimates under π, and then vary π̃
on the same batch. Unlike the trajectory weights of Section 1, each summand involves only one action
ratio, since we correct the action distribution but not the state distribution.

The surrogate agrees with J to first order at the old policy.

Proposition 1 (First-order agreement). For a differentiable policy family and any parameter θ0,

Lπθ0
(πθ0) = J(θ0), (16)

∇θLπθ0
(πθ)

∣∣∣
θ=θ0

= ∇θJ(θ)|θ=θ0
. (17)
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Proof. Fix π = πθ0 and write ft(θ, s) =
∑
a πθ,t(a | s)Aπt (s, a). By (6), ft(θ0, s) = 0 for every t, s, which

proves (16). Also, (13) gives
J(θ) = J(π) +

∑
t,s

ρπθ(t, s)ft(θ, s).

Each ρπθ(t, s) is a finite sum of products of policy probabilities, hence differentiable in θ. By the
product rule at θ0,

∇θJ(θ)|θ0
=
∑
t,s

∇θρπθ(t, s)|θ0
ft(θ0, s)︸ ︷︷ ︸

=0

+ρπ(t, s) ∇θft(θ, s)|θ0


= ∇θLπ(πθ)|θ0

.

The term involving the change in state visitation vanishes because the old policy has zero expected
advantage at every state.

Hence a small enough step in any ascent direction for Lπ at θ0 also increases J . How large can the
step be? To answer this, we need a bound on J(π̃)− Lπ(π̃).

2.3 An idealized policy improvement algorithm

We will control the surrogate error by penalizing changes to the policy. For distributions p, q on A,
define the total variation distance and the Kullback–Leibler (KL) divergence by

DTV(p, q) := 1
2
∑
a

|p(a)− q(a)|, DKL(p‖q) :=
∑
a

p(a) log p(a)
q(a) ,

where logarithms are natural, terms with p(a) = 0 are zero, and the divergence is infinite if p(a) > 0 =
q(a) for some a. For policies, we take the worst case over times and states:

Dmax
TV (π, π̃) := max

0≤t<T, s∈S
DTV

(
πt(· | s), π̃t(· | s)

)
,

Dmax
KL (π, π̃) := max

0≤t<T, s∈S
DKL

(
πt(· | s)‖π̃t(· | s)

)
.

The maxima range over all states, including those that the old policy never visits.
Algorithm 1, from [3], is an idealized procedure that assumes we can compute the advantages and

occupancy measures exactly. Theorem 1 below justifies its penalty coefficient.

Algorithm 1 Policy iteration with a guaranteed improvement bound
1: Initialize a Markov policy π0.
2: for i = 0, 1, 2, . . . do
3: Compute Aπit (s, a) and ρπi(t, s) for all t, s, a.
4: Set εi = maxt,s,a |Aπit (s, a)| and Ci = εiT (T − 1).
5: Define Mi(π) = Lπi(π)− CiDmax

KL (πi, π).
6: Choose πi+1 ∈ arg maxπMi(π) over all Markov policies.
7: end for

We remark that the analysis below does not need exact maximization in Line 6, only Mi(πi+1) ≥
Mi(πi).
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Theorem 1 (Finite-horizon policy improvement bound). Fix any old policy π and candidate policy π̃.
Let

α = Dmax
TV (π, π̃), εA = max

t,s,a
|Aπt (s, a)|.

Then ∣∣J(π̃)− Lπ(π̃)
∣∣ ≤ 2εAT (T − 1)α2. (18)

In particular, J(π̃) ≥ Lπ(π̃)− 2εAT (T − 1)α2.

Proof. We couple trajectories of the two policies, as in the analysis of conservative policy iteration [2, 3].
One factor of α comes from the expected advantage at a fixed state, and the other from the change in
the state distribution.

First, let ft(s) :=
∑
a π̃t(a | s)Aπt (s, a). Subtracting (6) gives

|ft(s)| =
∣∣∣∣∣∑
a

(π̃t(a | s)− πt(a | s))Aπt (s, a)
∣∣∣∣∣ ≤ 2εAα. (19)

Next, generate a trajectory under π and one under π̃ jointly, with states st and s̃t, as follows. Start
both from the same initial state. As long as the two histories agree, couple the two action distributions
so that the actions differ with probability at most α, and if the actions agree, use the same next state
for both. (Such a coupling of distributions p, q exists: put mass min{p(a), q(a)} on each pair (a, a),
for a total of 1−DTV(p, q) on the diagonal, and pair the remaining mass arbitrarily.) After the first
disagreement, continue the two trajectories in any way with the correct marginals, e.g., independently.

At each step, the probability of a first disagreement is at most α, so a union bound over the actions
a0, . . . , at−1 gives

Pr(st 6= s̃t) ≤ tα. (20)

Since st has distribution ρπ(t, ·) and s̃t has distribution ρπ̃(t, ·), subtracting (14) from (13) gives

∣∣J(π̃)− Lπ(π̃)
∣∣ ≤ T−1∑

t=0
E
[
|ft(s̃t)− ft(st)|

]
≤

T−1∑
t=0

4εAαPr(st 6= s̃t)

≤ 4εAα2
T−1∑
t=0

t = 2εAT (T − 1)α2.

The second inequality holds because ft(s̃t)− ft(st) vanishes when the states agree, and is at most 4εAα
in absolute value otherwise by (19).

From total variation to KL. Pinsker’s inequality states that DTV(p, q)2 ≤ 1
2DKL(p‖q). Applying

it at each time and state in (18) gives

J(π̃) ≥ Lπ(π̃)− CπDmax
KL (π, π̃), Cπ := εAT (T − 1). (21)

The factor T (T − 1) arises because the trajectories have t chances to diverge before time t. As a sanity
check, when T = 1 the bound says Lπ(π̃) = J(π̃), which holds because all policies share the initial-state
distribution.
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Why the idealized update is monotone. By (21), the function Mi in Algorithm 1 is a lower
bound on J . The two agree at πi, since Lπi(πi) = J(πi) and the KL term vanishes there. Hence

J(πi+1)− J(πi) ≥Mi(πi+1)−Mi(πi) ≥ 0. (22)

The return never decreases, and any gain in Mi is a guaranteed gain in J .

2.4 The challenge of exploration

The returns J(πi) are nondecreasing and bounded, so they converge. But the limit need not be optimal:
the frozen state distribution hides improvements that require changing actions at unvisited states.

Consider an MDP with T = 2. At the initial state s0, action safe gives reward 1/2 and moves to an
absorbing state with zero subsequent reward. Action try gives reward zero and moves to a state s?,
where good gives reward 1 and bad gives reward zero. Suppose π always chooses safe at s0 and bad at
s?. Then J(π) = 1/2, whereas choosing try and then good achieves return 1.

Because π plays bad at s?, however, try has advantage −1/2 under π. Moreover, ρπ(1, s?) = 0.
Hence for every candidate policy π̃,

Lπ(π̃) = 1
2 −

1
2 π̃0(try | s0) ≤ 1

2 .

The candidate’s action at s? does not appear in the surrogate at all. Since the KL penalty is nonnegative,
π itself maximizes the objective in Algorithm 1, and the algorithm stalls at return 1/2 even though it
knows all advantages exactly.

With sampled data the situation is worse, since safe trajectories tell us nothing about the rewards
at s?. Even if π chooses try with a small probability p > 0, all N episodes miss s? with probability
(1− p)N . So giving every action positive probability does not by itself guarantee efficient exploration.

2.5 Practical TRPO: hard constraints and soft penalties

We now return to parameterized policies and let πold = πθold be the policy that collected the data.
Following Algorithm 1 literally would mean maximizing

Lπold(πθ)− CπoldD
max
KL (πold, πθ)

over θ. The coefficient Cπold comes from a worst-case bound, and in practice it forces very small steps.
Instead, we can choose a trust-region radius δ > 0 and solve

max
θ
Lπold(πθ) subject to Dmax

KL (πold, πθ) ≤ δ. (23)

Checking this constraint still requires every time and state, so TRPO [3] replaces the maximum by an
average over the states visited by the old policy.

Precisely, let Eold denote expectation over (t, s, a), where (t, s) is drawn with probability ρπold(t, s)/T
and then a ∼ πold,t(· | s). Define

F (θ) := Eold

[
πθ,t(a | s)
πold,t(a | s)

Aπold
t (s, a)

]
= Lπold(πθ)− J(πold)

T
, (24)

DKL(θold, θ) := Eold
[
DKL

(
πold,t(· | s)‖πθ,t(· | s)

)]
. (25)

The second expression for F follows from (15), where we again assume that πold covers the candidate’s
action support at sampled states. The factor 1/T does not change the maximizer.
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There are two natural updates, one with a hard constraint and one with a soft penalty:

max
θ
F (θ) subject to DKL(θold, θ) ≤ δ, (26)

max
θ

{
F (θ)− βDKL(θold, θ)

}
, β > 0. (27)

The hard version is the usual TRPO formulation. In the soft version, we can adjust β between batches
based on the observed KL.

In practice we have N sampled episodes from πold. Write

Ê[ft(st, at)] := 1
NT

N∑
n=1

T−1∑
t=0

ft(s(n)
t , a

(n)
t ),

and replace Eold by Ê and Aπold
t by estimates Ât in (26) and (27). The samples, the old action

probabilities, and the advantage estimates stay fixed during the optimization.
This answers the question from the end of Section 1. The batch becomes off-policy as soon as θ

moves, but the surrogate lets us keep using it for several optimization steps while πθ stays close to πold.
We then collect fresh trajectories from the updated policy and repeat.

3 Proximal policy optimization

PPO [4] replaces TRPO’s constrained optimization with minibatch gradient ascent on a modified
surrogate. We keep the sampling distribution and notation of Section 2.

3.1 Clipping the surrogate

For a sampled triple (t, st, at), let

wt(θ) := πθ,t(at | st)
πold,t(at | st)

, wt(θold) = 1, (28)

and let Ât be an estimate of the old policy’s advantage Aπold
t (st, at). For example, from a complete

rollout we can take

Ât =
T−1∑
u=t

ru(su, au)− V̂t(st),

where V̂t approximates V πold
t . If V̂t is exact, the conditional expectation of this estimate given (st, at)

is Aπold
t (st, at). We discuss estimates based on shorter trajectory segments below. In all cases, the

estimates stay fixed while we optimize θ.
The empirical version of the surrogate (24) is F̂ (θ) = Ê[wt(θ)Ât]. Maximizing it with no constraint

or penalty can move the policy so far that the surrogate is no longer accurate. PPO instead removes
the incentive to move far. Choose a clipping parameter 0 < ε < 1 and define

clip(w, 1− ε, 1 + ε) := min{1 + ε,max{1− ε, w}}.

The clipped objective is

`CLIP
t (θ) := min

{
wt(θ)Ât, clip(wt(θ), 1− ε, 1 + ε)Ât

}
,

L̂CLIP(θ) := Ê[`CLIP
t (θ)].

(29)
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To see why we take the minimum, write one sample’s contribution as

`CLIP
t (θ) =

{
Ât min{wt(θ), 1 + ε}, Ât ≥ 0,
Ât max{wt(θ), 1− ε}, Ât < 0.

(30)

Suppose Ât > 0, so that we want to increase the probability of the sampled action. Once the ratio
reaches 1 + ε, further increases do not improve this sample’s objective. Decreasing the probability, on
the other hand, always lowers the objective, even when the ratio is below 1− ε. The case Ât < 0 is
symmetric, with threshold 1− ε; see Figure 1. Had we only clipped the ratio, the objective would also
be flat after a large move in the wrong direction. The minimum keeps penalizing such moves.

w

`CLIP

0 1 1 + ε

Â = 1
w

`CLIP
0 11− ε̂

A = −1

Figure 1: One sample’s clipped objective for ε = 0.2. Dashed lines show the unclipped term wÂ; dots
mark the old policy.

3.2 The combined policy, value, and entropy objective

The advantage estimates use a value predictor, which we usually train along with the policy. Suppose
θ also parameterizes a value head Vθ,t(s), possibly sharing parameters with the policy. (This is a
learned predictor, not the exact value function V πθ

t .) Given a fixed return target V targ
t for each sample,

specified below, we fit the predictor with the squared loss

`VF
t (θ) :=

(
Vθ,t(st)− V targ

t

)2
.

To encourage stochastic actions, we also reward the entropy of the policy,

H(πθ,t(· | s)) := −
∑
a

πθ,t(a | s) log πθ,t(a | s).

For coefficients c1, c2 ≥ 0, the combined objective to maximize is

L̂PPO(θ) := Ê
[
`CLIP
t (θ)− c1`

VF
t (θ) + c2H(πθ,t(· | st))

]
. (31)

The value term gives us a baseline for later batches. The entropy bonus discourages the policy from
concentrating too early on a few actions, though it does not guarantee efficient exploration.

Bootstrapped advantage estimates. When episodes are long, we may want to update the policy
before observing the full return. Suppose our segment ends at time b, where t < b ≤ T , and let V̂u
denote the value predictor at the time of data collection, with V̂T := 0. Define

V targ
t :=

b−1∑
u=t

ru(su, au) + V̂b(sb), Ât := V targ
t − V̂t(st). (32)
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Here V̂b(sb) stands in for the unobserved return after time b. If V̂t(st) = V πold
t (st) and V̂b(sb) = V πold

b (sb),
then Ât has conditional expectation Aπold

t (st, at). Taking b = T recovers the rollout estimate above.
More generally, generalized advantage estimation (GAE) [5] combines estimates with different

lookahead lengths. For λ ∈ [0, 1], it uses

ÂGAE
t =

b−1∑
u=t

λu−tδu, δu := ru(su, au) + V̂u+1(su+1)− V̂u(su). (33)

When λ = 1, the value terms telescope and we recover (32). Smaller λ puts more weight on short
lookaheads, which typically lowers the variance but relies more heavily on the value predictor.

The training loop. Each outer iteration fixes θold, collects trajectories under πold, and computes the
advantage estimates and value targets. Starting from θ = θold, we then take several epochs of minibatch
gradient steps on (31), holding the advantage estimates, the value targets, and the denominators in
(28) fixed. The result becomes the next θold.

3.3 How the loss components are used in later work

Which terms of (31) are used depends on the task and on how advantages are estimated. Even the
PPO paper [4] varied these choices: its continuous-control experiments trained separate policy and
value networks with no entropy bonus, while its Atari experiments used an entropy coefficient of 0.01.

PPO for language-model alignment. InstructGPT [6] uses PPO with a learned value function,
and adds a per-token KL penalty toward a fixed reference policy πref , the supervised fine-tuned model.
This penalty plays a different role from the clipping around πold. The reference is fixed throughout
training and changes which policies the objective prefers, whereas πold changes after every batch and
only limits the size of each update. The penalty also differs from an entropy bonus: at a fixed state,

−DKL(π‖πref) = H(π) + Ea∼π[log πref(a)],

so it rewards entropy but also favors actions that the reference considers likely.

Removing the learned value function. Group relative policy optimization (GRPO), introduced
with DeepSeekMath [7], keeps the clipped policy term but has no learned critic, and hence no value
loss. It estimates advantages by sampling several responses to the same prompt and comparing their
rewards. Its objective includes a KL penalty toward a reference policy and no separate entropy bonus.
These group-relative estimates are not, in general, unbiased for the token-level advantages Aπold

t defined
above.

Further changes to regularization. DAPO [8] drops the reference KL penalty and uses different
upper and lower clipping thresholds. The larger upper threshold lets actions with positive estimated
advantage gain more probability, which the authors use to counter entropy collapse. Across these
methods the clipped policy term stays, while the critic and the regularization terms vary.

A Proof of the performance difference lemma

Proof of Lemma 1. By (5), along a trajectory drawn from π̃ we have

Aπt (st, at) = rt(st, at) + E[V π
t+1(st+1) | st, at]− V π

t (st),
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since the transition law given (st, at) does not depend on the policy. Taking expectations under π̃ and
summing over t gives

Eτ∼π̃

[
T−1∑
t=0

Aπt (st, at)
]

= Eτ∼π̃

[
T−1∑
t=0

(
rt(st, at) + V π

t+1(st+1)− V π
t (st)

)]
= J(π̃) + Eτ∼π̃[V π

T (sT )− V π
0 (s0)]

= J(π̃)− J(π).

In the second line the value terms telescope. The last line uses V π
T = 0 and Es0∼ρ0 [V π

0 (s0)] = J(π),
since both policies start from ρ0.
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